
Two-point Padé approximant to power law cdf

Here is the cdf. The closed-form expression involves harmonic numbers of order p, Hn
HpL .

cdf@p_, n_, x_D = ⁄k=1
x k-p
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Visualize the cdf for 1 § n § 12.

<< Graphics`

DisplayTogetherArray@Partition@Table@Plot@Evaluate@Table@cdf@p, n, n xD, 8p, 0.05, 3, 0.2<DD, 8x, 0, 1<,
PlotLabel Æ n, AspectRatioÆ Automatic, Ticks Æ 880, 0.5, 1<, 80, 0.5, 1<<D, 8n, 1, 16<D, 4DD
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Determine a two-point Padé approximant to the inverse cdf of the form y Ha + b yL ê H1 + c y + d y2 L.

InverseSeries@cdf@p, n, n xD +O@xD3 , yD- y Ha + b yL
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InverseSeries@cdf@p, n, n xD +O@x, 1D2 , yD- y Ha + b yL
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cdf ê: cdfH-1L = FunctionA8p, n, y<, EvaluateA y Ha + b yL
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ê. FirstûSolve@8% ä 0, %% ä 0<, 8a, b, c, d<DEE;

Here are the inverse cdf approximant for p = 0.7, n = 10,

cdfH-1L @0.7, 10, yD
H0.192932 y+ 0.276153L y
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0.226463 y2 - 0.757378 y+ 1

p = 0.7, n = 20,

cdfH-1L @1.5, 20, yD
H0.0539372 - 0.0318984 yL y
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0.746003 y2 - 1.72396 y+ 1

and p = 3, n = 5.

cdfH-1L @3., 5, yD
H0.0730319 - 0.0644243 yL y
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0.590435 y2 - 1.58183 y+ 1

Here is a plot of these approximants, compared to the sample (inverse) cdf.

With@8n = 10, p = 0.7<, Plot@cdfH-1L @p, n, yD, 8y, 0, 1<,
AspectRatioÆ Automatic, Epilog Æ 8Red, Point êû Table@8cdf@p, n, n xD, x<, 8x, 0, 1, 0.1<D<DD
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With@8n = 20, p = 3 ê 2<, Plot@cdfH-1L @p, n, yD, 8y, 0, 1<,
AspectRatioÆ Automatic, Epilog Æ 8Red, Point êû Table@8cdf@p, n, n xD, x<, 8x, 0, 1, 0.05<D<DD
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With@8n = 5, p = 3<, Plot@cdfH-1L @p, n, yD, 8y, 0, 1<, AspectRatioÆ Automatic,
Epilog Æ 8Red, Point êûTable@8cdf@p, n, n xD, x<, 8x, 0, 1, 0.05<D<DD
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The agreement is very good.

As a check, compute cdfH-1L HcdfL and cdfHcdfH-1L L for n = 20 and p = 0.5.
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With@8n = 20, p = 0.5<, Table@8cdfH-1L @p, n, cdf@p, n, n xDD, x<, 8x, 0, 1, 0.05<DD
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0.247964 0.25
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0.749247 0.75
0.799489 0.8
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0.949963 0.95
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With@8n = 20, p = 3 ê 2<, Table@8cdf@p, n, n cdfH-1L @p, n, xDD, x<, 8x, 0, 1, 0.05<DD
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