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m Definition

Define

kA, @, y) = f KO()Lsz + y2 )e“” dx.
0

m Direct Integration

Mathematica does not compute the integral G(e, B) = k(1, a, ) directly.

rKU(\/xZ + B2 )e"“ dx
0

fooe_” KO(\/xz + 32 )d/x
0

Nor can it obtain it via the Laplace transform of K (V X2+ 32 )

Llg(Ve +p )@

LKV + )] @

O Change of variables
Via three changes of variables,
Dt[a] A= 0; Dt[A] A= 0; Dt[y] A= 0;

Simplify[KU(/\\ij +? )e"” Dt[x] /. {x > i, y - 1, Ao da),a> 0]
a a

e Ky (\/xz +y? )L) dx
a

Simplify[KU(/\\ij + )2 )e"” Dt[x] /. {x - % y- % a-al},1> 0]

e Ko(\/xz +y? )d/x
A

A
Simplify[Ku(N X2+ y? )e—“ D[x] /. {x>xy, 1> —, a> 3}, y>0]
y y
e yKO(V x2+1 )L) dx
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we obtain that

1 1
k(la a, y) = E k(Aa 1, y) = x k(l’ a, y) = yk(l’ @, 1)

m Numerical integral

For checking we compute the integral numerically.

NIfe_, B_] := NIntegrate|K, (\/ B+ x )e"‘”, {x, 0, oo}

m Special Cases
op=0
This integral is computed directly.

Assuming[a/ >0, f Kiyx)e **d x]

0

cos™ (@)
V1-a?
Alternatively, we obtain it via the Laplace transform.
L. [Ky(x)] (@)
cos”! (@)
V1-a?
cos™! (@) cosh™ (@)
FullSimplify| = ya>1]
V1-ea2 Va2 -1
True
cos (@)
lim ——
a-1 1— Q'Z
1
Oa=0
The case @ = 0 can be computed in closed form. Mathematica does not do this case
directly:
rKU(\/xZ + B2 )d’x
0
f Ko(\/xz + B3 )d/x
0

However, after the change of variables,

Dt[B] A= 05

Solve|y == \j B +x2, x|

(fr= V=B - VB )
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Simplify[Ko (\j B+ ) Dt Lx->\y-p,y>p>0]

Dt[y]
YKo (y)
BV y2 — ﬁZ
the integral can be evaluated.
< yKo(y)
Assuming[ > 0, f ——_a y]
B \/ - B
ePn
2
O Plot
Utilising the special cases, to avoid problems with the numerical integral in these
limits,
eFfr
NI[0 | 0., B_]= 5
2
cos~! (@)
— 0O<ax<l1
\/ 1-a2
NI[a_, 0]0.] = Lia) a>1 ;
a2-1
1 a=1

here is a plot of the integral for 0 < @ <3 and 0 < 5 < 3.

Plot3D[NI[«, ﬁ]; {a, 0, 3}, {ﬁ’ 0, 3},
PlotRange — All, PlotPoints - 100, Mesh — False]

- SurfaceGraphics -
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(s
m| f Ko(\j x? +,82)x” dx
0
After series expansion of the exponential, the more general integral
f KO(V X2 + 32 )x" dx
0
can be evaluated.

Simplify[KU (\/ B* + x2 )x" 3t[x] /x> ‘/ y-p,y> 0]

tlyl

YO =57 Ko
00 n-1
Assuming[8>0An =0, f yOF =) Ko(y)dy]
B
2T B Ko ( )r(-—"”)
B L B 3
Hence we conclude that

meO(\/xz + B2 )x" dx:2% [5’”;—1 K%(ﬁ)r(n;_l)

0

m General Case

m| fowKo(V x? +,82)e‘“ dx

ax

Using e~

meo(\/x2+ﬁ2)e_“dx Z%z—ﬁ Kﬁl(ﬁ)r( ;1)

0 n=0

=Yoo (—ax)" /n!, we have

a=0and =0

Here are the low-order terms in the series expansion about a = 0.

(-a)"

n+1
2T BT an;l(ﬁ)r(T), {a, 0, 5}]

Simplify /@ Serles[z

_’Bﬂ' 1 1
—ﬁKl(ﬁ)CH—e'Bﬂ(ﬁ+1)az——(ﬁ2Kz(ﬁ))a3+

1

¢ Pr(B +3B+3)a ——(ﬁ Ky(B) @ +0(@®)

Clearly, when « = 0, we recover the formula for G(0, ().

Normal[%] /. @ —> 0

eFfn
2

Also, when 8 =0, we recover the formula for G(a, 0) since
I(%Lyas g 0.

ser = FullSimplify[Series| ﬁ$ Kﬂ B, {B,0,1}], n = 0]

(253 r(5 n-1) B o)) 5 + (2 1“2t ) + 08")
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Simplify[Normal[ser] /. 8 — 0, n = 0]

2%r(";’1)

oo

(—@)" a0 (n+1
E — 2% r(T) % // FullSimplify
n!

n=0

cos™ (@)

V1-a?

Numerical Checks
Define the numerical sum.

(0" 2T BT K (BT

NS[a_, B_] := NSum|

) , {n, 0, °°}]

The numerical sum is convergent for o < 1,
With[{a = 0.1, 8 = 0.2}, {NI[e, ], NS[a, B1}]
{1.197649655, 1.197649655}

With[{e = 0.2, 8 =1}, {Nl[e, B], NS[a, B1}]
{0.4769453641, 0.4769453641}

But divergent for a > 1.

With[{e = 1.01, 8 = 1.3}, {NI[e, B8], NS[e, B1}]
{0.1905574992, ComplexInfinity}

O Identities

The following identities are implicit in Abramowitz and Stegun 9.1.75-80 (online at
www.convertit.com/Go/Convertlt/Reference/ AMS55.ASP),

Ko(AV2 437 )= 30 (=1 Ko Q0 kA y), x>y (1)
k=—c0
X (o]
Ky(A V2 +y? ) T[—] = > D Koo Q) Lx(Ay), x> y @
\/-xz + y2 k=—0c0
LAV 43 )= > (=D} ) bi(dy) 3)
k=—c0
X (o]
In()t Va2 +y2 ) T,,[—] = Z (=D LX) LA y) “4)
\/'xz + y2 k=—oc0
and equation 9.6.54, also listed at functions.wolfram.com/03.02.23.0004.01,
_ z o bi(2)
Ko<z)——(1n(5)+y)lo<z)+2; p 5)

Series Expansion
As a check, we compute the series expansion in y about y = 0 for the first four
identities,

4
FullSimplify[Series| K, (/\ \/x2 + y? ) - Z (=D* K2, Ax) LA y), {y, 0, 9], x> 0]
k=—d

0('")
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Table|{n, FullSimplify|
4
= D D Kapan Q) L Ly,

sl |3

{0, 5], x> 0]}, {n, 0, 3}]

00°)
00°)
00°)
00°)

w N = O

4
FullSimplify[Series[o (A Vit 4y )= 3 D L@ i@y, (3,0, 9], x> 0]

k=-4
0G")
Table|{n, FullSimplify|

Series|Z, (/\ \/x2 + y2 )T,,[;] - 24: (D" Lisn A %) Ly A y),

Vx2 + y? k=—4
0,0, 53], x> 0]}, {n, 0, 3}]
0 0(°)
1 0(®)
2 00°)
3 00"

and the series expansion in z about z = O for the third identity.

4
) z 5L (2)
Serles[KU @)+ (ln(;) + )/) Iy(z) -2 Z P {z, 0, 9}]

k=1

O(ZIO)

Application of (1)

Formally, (1) permits a “separation” of the variables:

fooKO(\/XZ +B2 )e—afx dx =
0
0 . ﬁ
Z('”k(’“(ﬁ)f szof)@“”dx+1<2k<ﬁ>f Izkoc)e—wdx]:
k=—oc0 B 0
B
IO(B)FKO(X)@E_MJX+K0([5')[ Li(x)e ** dx+
B 0
N B
22(_1)k (IZk(ﬁ)Fsz(x)e_“‘ﬂx"'sz(ﬁ')f Izk(x)e“”dx].
B 0
=1

However, there does not appear to be a simple closed-form for the resulting integrals.
Defining the (truncated) numerical sum as

NS[1][e_, B_, kmax_: 50] :=
kmax

> (=1 (L () Nintegrate[e™* K;i(x), (x, B, co}] +

k=-kmax

K, (B) NIntegrate[e " I, (x), {x, 0, B}])

or as
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Laplace transform of BesselK

NS[1][e_, B_, kmax_: 50] := (I,(B) NIntegrate[e™** K, (x), {x, B, co}] +
K, (B) NIntegrate[e™ " I)(x), {x, 0, B}]) +
kmax

2 3" (=" (1« (B) NIntegrate[e™* Ky (x), {x, B, co}] +

k=1

K, «(B) NIntegrate[e™"* I, (x), {x, 0, B}])
one obtains reasonable results.
With[{« = 3., B =1}, {Nl[e, BI, NSl1lle, BI}]
{0.126113958, 0.1261188372}
With[{« = 1., B = 3.}, {Nl[e, BI, NS[1lle, BI}]
{0.0279245832, 0.02793920926}
Application of (5) and (2)

Another approach is to use (5),

K(Va+p) =
oo ﬁ
_(% In(x* + %) —ln(2)+y)10(m)+2z M

k=1

followed by (2)

fooKO(\/xz + ﬁz )@_Hx dx= (In2)-7y) F[O(\/m) e dx —
0 0

1 0 G| 0o
2 f InG? + ) I (Va2 + B2 ) e " dx +2Z * f Li(Va + g2 ) e dx.
0 k=1 0
The first integral is

f (Va2 + 2 )e " dx= Z (- (Izk(ﬁ)f Izk(x)e_‘”dx)z
0 0

k=—0c0
b f hwe™ dx+2 Z (-1 (Izk(ﬁ) f Lyi(x)e™™* dx]
0 k=1 0
and the resulting integrals can be computed in closed-form.

Assuming[a>/\>0Av20, rlv(,\x)@—nx d’x]
0

(ove=)

V@-2A)(ax+A)

O Alternative Forms

Considering the even n and odd n cases separately, one obtains

meO(\/xz + B2 )e"‘” dx=
0
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or, equivalently,

meO(vxz +52)cosh(ax)dx:ﬁ § %(a
0 .
n=0

and

QB n T
] [,/ﬁ K,H%(ﬁ)} @

N _ 1 1 (e2BY
f Ko (Va2 +[5’2)smh(ax)clx=E E I_(T] K, (B), ®)
n=1

0 (7),,

where the combination 2”_;3 K, 1 (B)is a modified spherical Bessel function of the
2
third kind:

Simplify|[ Table[{n, 8" L K 1(B} (n,0,5}], B> 0]

2p
e P
0 ETE
1 e P (p+1)
28
e P x (B2 +3 B+3)
2 —
3 e B (B +6 B2+15 B+15)
28
4 e P (B4 +10 B3 +45 B2 +105 B+105)
28
5 e B (B5+15 B*+105 B3 +420 B2 +945 B+945)
2B

I have been able to reduce (7) but not (8).

Spherical Bessel Generating functions
Using Abramowitz and Stegun 10.1.40

1 >t
;cos(\/z2 —2zt)=n2=(; o7 Jn-12,

one obtains that

1 T ) n
:>6,(% cos(Vz2 —2zt)): u :Z t—‘jn(z)zjo(\/zz “21z).

V2 -2tz par SR

Similarly, subtracting 10.2.30 (with t - —i¢) from 10.2.31, (with t — +i ¢), we have

I N N
- exp(—\/z2 -2zt)= Z T \/2—Z (1,,_%(2) —1_,,+%(Z)), 20t <lzl,
n=0

and using 10.2.4,

—exp( V2 -2z1)= [ _1@), 21 <1l

we obtain

\/ —\/zz—ztz 2 > " T

— 2 _ — E R e .

:>6t( exp( z 2zt)) z2 = = = P Kn+7(z), 24 < |z,
n=0

Hence, since

LaplaceBesselK.nb 2/8/07



Laplace transform of BesselK

—\/zz -2tz a2
e T B
Simplify[{ ———, 2t < [zl} /. {t > ——, z> B}, B> 0]
2 -2122 2
(2 <
e S [0{ Y
2V1-a?
we have that
-gV1-a?
FKO(\/)CQ + B2 )cosh(ax) dx= x e—, la] < 1.
0 2 Ji-a2
Checks
With[{e = 0.3, B =3},
(Nintsrat] Ko (V5 7 )
NlIntegrate| K, | x2 + 2 | cosh(a x), {x, 0, c0}|, ———
2V1-a?
{0.09412989779, 0.09412989779}
With[{e = 0.1, B =5},
ﬂe‘ﬂ‘l“az
{NIntegrate| K, (\j x2 + B2 )cosh(a/ x), {x, 0, 0o} |, ———}]
2V1-a?
{0.01090723103, 0.01090723103}
Simplify|
al 2B\ ([ x eV
Series[ﬁz —_ — K, 1(B|- = ——, (&, 0,11}], B> 0]
Lint | 2 2 ™3 2 Vicer
0(012)
Extension
Putting @ — i @, one deduces that
o r eBYa+T
Ky Va2 + B2 )cos(ax)dx= — ———
jo‘ ( ) 2 Va2 +1
Checks
With[{e = 0.5, B =3},
n e—ﬂ\/nz +1
{NIntegrate| K, (\j x? + B2 )cos(cx x), {x, 0, oo},
2Va? +1

{0.04909043662, 0.04909043662}

With[{e = 5., B =2},

{NIntegrate| K, (\j x? + B2 )cos(cx x), {x, 0, co}, Method - Oscillatory],

n e—ﬂ\/n2+l

2Va? +1 }]

{0.0000114731092, 0.0000114731092}
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