Appell Functions

At mathworld. wolfram.com/AppellHypergeometricFunction.html, it says

Appell defined the functions in 1880, and Picard showed in 1881 that they
may all be expressed by integrals of the form

1
fu“(l—u)ﬁ(l—xu)y(l—yu)5du 5)
0

(Bailey 1934, pp. 76-79).

However, my reading of Bailey does not agree with this statement. On pages 76-77 he
states that the functions F, F,, F3 can be expressed in terms of double integrals:
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He goes on to state that

Fi(a; by, by;¢5x,y) =
9]

Fy(a; by, byscr, 005 x,y) =
2

Fs(ay, a3 by, by;c5x,y) =
3)

There appears to be no simple integral representation of this type for the
function F.

and then

The function F; can also be expressed by a simple integral, the formula
being

I'@)I'(c—a)

F . . . —
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followed by

The four functions can also be expressed as double contour integrals taken
along contours of the Barnes’ type.

8o it is not correct to state that they may all be expressed by integrals of the form (5).
Later on it says that

Fy (o; B, B'; v; x, ¥) reduces to the hypergeometric function in the cases
... (10)and (11).

AppellF.nb 1/16/07 The Mathematica Journal volume:issue © year Wolfram Media, Inc.



2 Author(s)

To me, this implies that these are the only reductions. Two other reductions are given
in Bailey:

Fi(B, B7x0=0-x""PF Fily-a,-B+y- ;7%
=,F (o, B+ 557 %)

/ / - / x_y
Fi(o; 8, 8:+85x,)=~10-y) zFl(a, ﬁ';ﬁ+ﬁ';m)

m Notation
m Fy(a; by, ba;cq,C25 X, )

O Summation

O (a)m n (b )m (b )n m . n
Fz(a;blabz;clacz;%y)=z Z ] 2y y Q)

11!
i mlin! (c1),, (2),

Direct implementation via truncating this sum (NSum is very slow):

AppellF2S[a_, {b1_, b2_}, {c1_, c2_}, {x_, y_}, mmax_: 50, nmax_: 50] :=

mmax nmax

@,,., (b1), (b2),
m!n!(cl), (c2),

m=0 n=0
The sum is rapidly convergent for some parameters,

With[{a=1,b1 =1, =1,¢; =3,¢c; =3, x=0.5, y = 0.3},
AppellFZS[a’ {bl’ bZ }9 {cl’ C }’ {x9 y}]]

1.422020759

but, not suprisingly, is divergent for others.

With[{a=1,b1 =1, =1, ¢, =3, =3, x=-5.,y=1i},
AppellF2S]a, {b,, b,}, {c1, 2}, {x, y}1]

—3.635980984 x 107 + 1.896463615x 10”7 i

o Transformations

For a range of parameters, we can use the transformations

—a —X y
n.bascr,cx,y) =(1-x) Fz(a;Cl—blabﬁCbCz;m, l—x)
==y Fy (@b, cr—byic 2y —L)
2 > U1, €2 2,501, €2, 1_ya 1_y (6)
e x
=l-x-y) Fz(a;cl_blacz_b2§C1aC2§_—,—_
l-x-y 1

to obtain convergent sums. For the above example, using the first transformation we
obtain

With[fa=1,b, =1, b, =1,¢, =3, c; =3, x=-5,y=1i},

(1 =)™ AppellF2[a, {¢; = b1, b}, {c1, ¢2}, {%’ 1 f x L

1 5 i
< (112,11, 3, 3), (<. g})

which evaluates to
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Article Title
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N[ %] /. AppellF2 —» AppellF2S
0.4369116872 +0.07610506571 i
Using the third transformation we obtain

With[fa=1,b, =1, b, =1,¢;=3,¢, =3, x=-5,y = i},

—a x y
(1 - x - y)™ AppellF2[a, {c — by, ¢; — b}, {c1, &2}, {- rp—— 1_x_y}]]

( 6 i

30 50 1 61
7t )

JR(1 2.2, 13,30 (55 + 250 57 - 37

which evaluates to
N[ %] /. AppellF2 —» AppellF2S
0.4369116872 + 0.07610506571 i

Two special cases can be used as tests.

Fr (@b bieax N == Fibia=bybicn =) @)

Here we compute F; (1; 1, 2; 3, 1; —0.5, 0.3 + 0.2 i) three ways. Here is the direct
sum.

With[{a=1,b,=1,b, =2,¢c=3,x=-0.5,y=03+ 0.2},
APPEHFZS[% {bl’ bZ }9 {cs a}9 {x9 y}]]

1.342015306 + 0.6810484535 i

With[{a=1,b1 =1, =2,¢c=3,x=-0.5,y=03+ 0.2},
AppellFZS[a’ {bZ’ bl }9 {a’ c}s {y’ x}]]

1.342015306 + 0.6810484535 i
Here we use (6).
With[{a=1,b, =1,b, =2,¢c=3,x=-05,y =03 +0.2i},
a -x y
(1 - x)™ AppellF2S|a, {c - by, b.}, {¢, a}, {——, —]}]| /I N
1-x 1-x
1.342015306 + 0.6810484534 i
Here we use (7).
With[fa=1,b, =1,b, =2,¢c=3,x=-0.5, y=03+0.21},

X
a-y"F (bl; a-b,, by;c; x, 1—)] // Expand
=y

1.342015306 + 0.6810484534 i

Here is the second special case.

Xy

Fy (@b, ba,a;x,y)=1-x)" (1-y)",F (b1, by; a; m) 3

With[{a=1,b,=1,b, =2, x=-0.2, y=03+ 04},
APPEHFZS[% {bl’ bZ }9 {a’ a}’ {x9 y}]]

0.8289935168 +0.9182697417 i
With[{a=1,b; =1,b, =2, x=-02, y = 0.3+ 0.4},

1-0" A-y™ F(b,b; g )
A-" A=y)" 2F1|b1, b25a (l—x)(l—y)]

0.8289935168 +0.9182697417 i
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O Integral
Direct implementation of (2) via numerical integration:

AppellF2I1[a_, {b1_, b2_}, {c1_, c2_}, {x_, y_}] :=
I'(c1) I'(c2)

I'(b1) I'(b2) I'(c1 —b1) I'(c2 —b2)

ubl—l va—l (1 _ u)cl—bl—l (1 _ v)cz_bl_l

Nintegrate| , {9, 0,1}, {u, 0, 13]

A-ux-vy)

With[{a=1,b,=1,b, =1,¢, =3,¢c; =3, x=0.5, y = 0.3},
AppellF211]a, {b,, b}, {c1, ¢2}, {x, y}1]

1.422020758

With[{a=1,b, =1,b,=1,¢, =3,c; =3, x=-5,y=1i},
AppellF2I1]a, {b;, b}, {1, 2}, {x, Y]

0.4369117817 +0.07610573827 i

A second option is to compute the one integral in closed form, say
1
f w2t A —w) T A= A —ux - vy du
0
(1= 2 U if[Re(b) > 0 /\ Re(vy) < 1 \ Re(b)) <Re(er) \

R 20 VRS )21V imf 2 0),

- X
(1—V)’)_a Lb) (e —bl)zFl(a, bi;cr; T—-\;)’

Integrate[(1 — )™ """ " (cux—vy+ D™ {u, 0, 1),

Assumptions — (Im( ! _xvy)=0/\0 < Re( ! —vy)< 1)\/

X

Re(vy) = 1\/ Re(b)) = Re(c,) \/ Re(by) < 0]]

Hence
Fy(a;b1,by;¢c1,c05x,y) =
T(c1) T(c2) ! P . ©)
— 1 —v)2™ 27 (1 - 4 5 Fila, by;cr; dv,
r(bz)r(cz—bz)fo( VT v o F (@ b e )

that is
I'(c1)I'(c2)

AppellF2I12[a_, {b1_, b2_}, {c1_, c2_}, {x_,y_}] :== ——™M™M8
ppe [a_, { ), {el, e2_}, {x_, y_}I T T —b2)

~ X
Nintegrate[(1 — »)? ™'~ y*2~ (1 = v y)™ ,Fy (a, b1; cl; 1—) {0, 1}]
vy

when the following condition is satisfied:

test[a_, {b1_, b2_}, {c1_, ¢2_}, {x_, y_}] :=
Reduce[0 < v < 1 /\ Re(bD) > 0 /\ Re(ry) <1 /\ Reb1) < Re(eD) \

(Re(l_vy)sO\/Re(l_vy)zIVIm(l_xvy):i:O)]

X X

For the first set of parameters,
test[1, {1, 1}, {3, 3}, {1/2, 3/10}]
O<v<l

we obtain
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Article Title 5

AppellF212[1, {1, 1}, {3, 3}, {1/2, 3/10}]
1.422020759

For the second set of parameters,

With[{a=1,b, =1,b,=1,¢, =3,c; =3, x=-5,y=1i},
{teSt[a’ {bl’ bZ }’ {cl’ C2 }9 {x9 y}]9 APPellFZIZ[a, {bl’ bZ }’ {cl’ C2 }9 {x9 y}]}]

{0<v<1,0.4369117887 + 0.07610573909 i}

W F3(ay,a,;by, b2;C;x,y)

O Summation

o — (a )m (a )n (b )m (b )n m .n
F3(a1,a2;b1,b2;c;x,y)=zz 1 2 1 2 x y (10)

I'n!
m=0 n=0 men: (C)

AppellF3S[{al_, a2_}, {b1_, b2_}, c_, {x_, y_}, mmax_: 50, nmax_: 50] :=

mmax nmax

@l),, (a2), (b1),, (b2),
2 -

m!n! (c)

m+n

m+n
m=0 n=0

AppellF3S[{1, 1}, {2, 2}, 6, {0.5, 0.3}]
1.350080802

O Integral

Compute the inner integral under a particular set of assumptions.
1
Assuming[v < 1 /\ Re(d,) > 0 /\ Re(c) > Re(d,) + Re(d,) /\ v+ Re(—) 21,
x
1-v
f WY (A —u =) T - u )™ A=y y) ™ du]
0

(1= (1 —vy) @ D) T(c— by —by) 2 Fi(a, by c—by; x —vX)

Hence
Fs(ay, ay, ;b1, bz; C; X, y) =
r 1 . 11
(© f (1= 23"t (1 =y yy ™ ) Fi(ay, bry ¢ = by; x (1 = v)) dv (an
T(by) Jo
A NF3I[{al 2 }, {bl_, b2_} { H ro
ppe a _’a —J — _’C_’ X_, y_ o= F(b2)

Nintegrate[(1 — »)* "> "1 1 = vy)™ ,F,(al, bl; c = b2; x 1 =), {», 0, 1}]
AppellF3I[(1, 1}, {2, 2}, 6, {0.5, 0.3}]
1.350080802
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