m Symbolic Vector AnalysisUsing Mathematica < (Demo)
Hong Qin, Plasma Physics L aboratory, Princeton University

Inf1:= << ~/mathematica/GeneralVector Analysism

% Conventional vector analysis notation is built in.

m2:= FullForm/@{a-(b+c), (a+ d)x(bxc)}
ouf2]= {DotProduct[a, Plus[b, c]], CrossProduct[Plus[a, d], CrossProduct[b, c]]}

in(3l:= FullForm/@{V x(a+ ax(bxc)), V -(a+ bxd)}
ou[3]= {Curl[Plus[a, CrossProduct[a, CrossProduct[b, c]]]], Div[Plus[a, CrossProduct[b, d]]]}

In[4]:= FuIIForm/@{V2 t9), A, B, JIrl}
ouf4= {Laplacian[Times[f, g]], UnitVector[A], AbsoluteValue[B], Jacobian[r]}

& Vector calculations independent of coordinate system.

in(s]:= DeclareVector[A, By, B, C, D, E, F, G, H, J, &, Q]; DeclareScalar[a, b, ¢, d, e, f, g, h]
inel:= {AxA, A-(AxC), Vx(VTf), V-(VxA), VectorExpand[A x(BxC)]}
oufe]= {0,0,0,0, -CA-B+BA-C}

in[71:= VectorExpand/@ {Ax(BxC) + Bx(CxA) + Cx(AxB), (AxB)x(CxD), V- (f (AxB + V xC))}
ouf7]= {0, =-DA-(BxC)+ CA-(BxD), -fA-(VxB)+fB-(VxA)+ (AxB)-(Vf)+(VxC)-(Vf)}

& An example from ideal megnetohydrodynamics

mg:= V:(Bg)=0; Q=Vx(£xBg), J=VxQ

oufg]l= V x(V x(£x(Bp)))

inf9:=  Vector Expand[J]

ouf9)= —(V(V-£)x(Bo) =V x((§-V)(Bg)) + Vx((Bg):-V)E) =V x(Bo)V-&

% Vector analysis in any well-defined coordinate system.
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inf10;:=  SetCoordinateSystem[" Cartesian" |[x, y, z]; A = DefineVector[1, yz, —x, X°]; B = (V xA)[1];
SetCoordinateSystem[" None" ]; Needs[" Graphics PlotField3D" ]

inf11:=  PlotVector Field3D[B, {x, —10, 10}, {y, =1, 1}, {z, —1, 1}, Color Function —> Hue];

inf12]:=  SetCoordinateSystem[" Cylindrical"][r, 0, z];
in13:= A = DefineVector[1, Ar]r, 6, z], Ad[r, 0, z], Az|r, 6, z]]; B = DefineVector[1, Br]r, 6, z], B[r, 6, z], BZ|r, 6, z]];

in14:= A-B
AdO[r, 6, z] BA[r, 0, 7]
ouf14= Ar[r, 6, z] Br[r, 6, z] + Az[r, 0, z] Bz[r, 6, z] + 7
in[15:= AxB
Ad[r, 8, z] Bz[r, 0, z]  Az|[r, 0, z] BO[r, 0, z] Ad[r, 8, z] Br[r, 6, z] Arlr, 9, z] BA[r, 6, z]
out[15]= Vectorl{r( = - = ) r (Az[r, 6, z] Br[r, 6, z] — Arlr, 6, z] Bz[r, 6, z]), r(— r2 + = )}
{Aelr, 0, z] Bz[r, 0, z] — Az[r, 6, z] BO[r, O, z] Az[r, 6, z] Br[r, 0, z] — Ar[r, 0, z] Bz[r, 6, z] —Ad[r, 0, z] Br[r, 8, z] + Ar][r, 8, z] BO[r, 0, z] }]
r ' r ' r

Infel:= V -A

ALy g 7]
—

1
out[16]= T[Ar[r, 0, 2] + rAZ%%Vr, 6, 2] + r Art00 g, z])

In171:= VxA
~Ar®Y0 0 71+ AGTOOr 6, 2]

~AG%%Vr 9, 21 + AZONOr g, 2
: ]r : ] T (Ar%V[r 6, 21 - AZM0[r, 6, 2)), .
( ~APOOD g 21+ AZOYO 1 0, 21 AFOOVr 6, 21 - AZMOOr 6, 21 —ArCYO 6, 2] + AGYYO 1 9, 2] }]
r ’ r ’ r

)

ou17]= Vector[{
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inpag:=  {{Al, A?, A%}, {B1, By, B3}}

Ad[r, 0, 7]
oufigi= {{Arlr, 0, 7], —
nf19:= A |
, ,  Adr, 6, z)°
out[19]= Arlr, 0, z]” + Az[r, 0, z]” + —
In[20]:= A
Arlr, 6, z]

, Azlr, 0, z1}, {Brlr, 6, z], BO[r, 6, z], BzIr, 6, z]}}

Ad[r, 6, z]

Az[r, 6, z]

out[20]= Vector[{

Arlr, 6, z]

Ad[r, 0, z]

Azl[r, 0, z]

2 2 2
Arr, 6, 21 + Azlr, 6, z)° + 242 \/ Arr, 6, 21 + Azlr, 6, z)° + 242 \/ Arr, 6, 21 + Azlr, 6, z)° + 2402

{

2
\/Ar[r, 0, 21> + Az[r, 6, z]* + 246l

r2

2

2
r2 \/Ar[r, 0, z1> + Az[r, 6, z]*> + 2o

% Coordinate systems for tokamaks are built in. Asymptotic vector analysis is available.

inf21]:=  SetCoordinateSystem[" TK Circular2", Ry, €][r, 0, ¢];

. . er? Bo
n22:= Clear[B]; B[r, 6, ¢] = DefineVector[1, 0, Series| —
Ro qlr](1+ & Coslg])
r2 B r3 Cos[6] By € B r Cos[6] By €2
ou22)= Vector[{O, S [ JZO € 4Ol By Ro}, {0, — S 16] 20 c
qlr1Ro qlr1 Rs qlr1 Ro qlr1 R
n[23:= J = Simplify[V xBIr, 0, ¢]]
Bo 2q[r]—rq’[r r Cos[6] By €2
ourzg= Veotor| (Ol)’, Ol ocealr-raihe  TEOIB € | o) fofer, ofel?,
qlr] alrlRo
in[241:= Simplify[|B[r, 6, ¢] | ]
Cos[6] B r2 (1 + 2 Cos[6]? q[r]*) By €2
outage By _ L COSIO1Bo € ( [6]° qlr]”) Bo e 4 O

Ro ' 2q[r)* R?
qlr]” R§

+O[e]®, — —

\/Ar[r, 0, z]2 + Az[r, 6, z]2 +

. {€,0,2}], Bo R

Bo 2(rCos[0] Bg)e

]

AdIr6,z1
r2

312 Cos[6]® By €

3

Ro R2

Bo 2q[r]—rq’'[r)e
+

R3

rCos[0] Bg (=5q[r] + 2rq’ [r]) €
+

qlr)* R3

qlr® R3

+ O|e|3}]

Olel’}|
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n25:= b = Simplify[BIr, 8, ¢l

’ 2 ¢ 1 2 (=1 +2Cos[6]” q[r)*) €
out[25]= Vector[{O[e]a, L +0[€el®, Ry +rC05[9]e—____L_§______+O[e]3} {Ofel®, € Lo, — - rCOSZ[H]E Ll (£1+ 052[] alrl)e +O[e]3}]

alrlRo 2(qlr1° Ro) qlrl Ro Ro RS 2q[r]° R3
in26]:= Simplify[JxBIr, 6, ¢]]

BZ -2 ’ 2 BZ -2 ’ 2

outza= Vector] [ 2TV o, ofep, ofef?), (o0 CEWEITIDE L o1ep, ofef?, 0P

qlrl” R3 qlrl® R3
in27:= Needs[" Utilities Notation‘" ]

Symbolize[ T, ] ; Symbolize[T. ]
CTJ_ c2 T||
In29:= Vg= ———————— bx V (B[r, 6, ¢] |); Vc= ——————— b x ((b- V) b); Vd = FullSimplify[Vg + Vc]; Vd[1]
e(|BIr, 6, ¢ )? e(|BI[r, 6, ¢1)

c@T, +T.)Sin[6] € 3 Cr@T,+T.)Cos[fle cr?((=2T,+T.)qrl-rT.q'[r])e 3 CrQ2T, +T.)Cos[6] €
+ Ole]”, - + + Ole

3
By R ’ By R 3B, R2 ' By R Olel’}
eBo Ro eBo Ro eq[r]° By R} eq[rlBo Ro

ouf29= |~



