ElectroMagnetism — Assignment 2

Solutions are to be handed in by 5pm, Monday September 14

1. Consider the following three vector fields:

NN NN s SS S S
— ~ ~ N NN s S S S S A I
<~~~ NN\ IS S S oo
NN A oo
<~ ~ NN AN VAV A A oo
\\\\\\\ R R A S .1[\[‘

NN ;v ~NY‘[‘

) 3

@ (G

(a) Which of these is solenoidal,i.e.,V «v =07 2]
(b) Which of these is irrotational,i.e.,V xv = 07 [2]

A hollow spherical shell of inner radius a and outer radius b has charge density p =k / % in

2. the region a <r<b. Compute and display the (magnitude of the) electric field and the
potential for » = 0. Check that V- E = p /€y. [4]

3. Consider a thin evacuated spherical shell of radius R which has surface potential
0
V(R, 6) =ksin2[5] (M

where k is a constant and 0 < 6 < 7 is the angle in spherical polar coordinates measured from
the z-axis. In the case of azimuthal symmetry, the general solution to Laplace's equation
V2V =0is

B
V(r, 6) = Z(A; o Tll) Pi(cos(9)) @)
r

1=0
where Pj(x) are the Legendre polynomials: Py(x) = 1, P1(x) = x, ...

Use equations (1) and (2) and the orthogonality of the Legendre polynomials to determine the
internal potential, ie., V(r, 0) for r<R. Hint:

sin(5) = 3 (1 - cos(6)) = 5 (Po(cos(9)) — P1(cos(9)). [6]
4. For a point charge:
(a) Calculate V xE directly. [1]
(b) Compute jfE -dl, in spherical coordinates using dl = drr+rd@ 0+r sin@) d¢ ¢. 1]

(c) Show that the integral in (b) around any closed path is zero. [1]
(d) Compute V xE from (c) by applying Stokes' theorem. [ 1]

(e) Show how you can conclude that V xE = 0, for any static charge distribution. [2]



5. Two vector identities.
(a) Show that V x(Vy) = 0, using Stokes' theorem.[2]

Show that V-V xA =0, for A an arbitrary differentiable vector field by applying Stokes'
theorem to an arbitrary closed surface S and then using Gauss' theorem. 3]

(b)

6. Maxwell's equations in free space (J = 0 and p = 0) read

V-E=0 V-B=0
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(a) Using Maxwell's equations derive the wave equation for B. [3]

(b) Show that the divergence of the second pair of Maxwell's equations are consistent by using
the vector field identity V - V xA = 0 which holds for any vector field A. [2]

Consider the plane-wave electric field E (r, ) = Eg ' ®"“" where k = (ky, ky, k;) is the

7. )
wave-vector, r = (x, y, z), and w is the angular frequency.

Show that E (r, ) is a solution of the wave equation. Obtain a relation between k = |k|, w,

@) and the phase velocity. [2]

Use E(r, 1), (plus an analogous expression for B), to convert Maxwell's equations from vector
(b) differential equations to plain vector equations. What is the physical meaning of these vector
relations? [3]

An electromagnetic plane wave propagating in the +x direction is polarized in the y direction.
Write down an expression for its electric field. [1]

(©

Write down the components of the magnetic field amplitude (By) for this electromagnetic
plane wave. [ 1]

(d)
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